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The paper presents the essential connections between fuzzy preorders and fuzzifying topologies. In detail, we establish
systematic procedure indicating how fuzzifying topologies are induced from fuzzy preordered relations on a set X, and con-
versely, we will answer the problem that the specialization order can be induced by a fuzzifying topology on a set X. Move-
over, a powerful method generating fuzzy preordered relations is obtained.
 2007 Elsevier Inc. All rights reserved.
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Since the theory of fuzzy sets was introduced by Zadeh in 1965, fuzzy ordered structures on a universal set
had become a useful tool to model fuzziness and/or uncertainty in the real world. In general, relations (par-
ticularly, orderings) are fundamental concepts for expressing preferences. However, two-valued concepts and
logic are rarely rich enough to express the complexity of the way that humans deal with preferences. By allow-
ing intermediate degrees of relationship, fuzzy relations provide freedom to express the subtle nuances of
human preferences. In published papers about fuzzy ordered structures, there is a central problem to ask
how to produce fuzzy ordered structures on a given universe. It is well known that topological structures
and classical order structures have close relations, which can be described as follows:
(1) For a preorder set ðX ;6Þ, the family of all upper subsets of X is a topology, which is called the Alexan-
drov topology induced by ðX ;6Þ in traditional mathematical books.
(2) For a topological space ðX ; T Þ, a binary relation 6 on X can be deﬁned as follows:
x 6 y if x 2 U implies y 2 U for each open set U in X, or equivalently x 2 fyg, where fyg is the closure of
{y}. Then 6 is a preorder on X, called the specialization order determined by ðX ; T Þ on X in general.0888-613X/$ - see front matter  2007 Elsevier Inc. All rights reserved.
doi:10.1016/j.ijar.2007.06.001
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ordered structures and fuzzy topological structures. For example:
(1) In [21], authors have concluded that the set C*(R) of upper subsets of a fuzzy preorder R on a set X forms
a fuzzy topology in the sense of Lowen [22]. In other words, C*(R) is closed with respect to ﬁnite meets,
arbitrary joins and contains all the constant maps from X to [0,1]. When R is equivalence on a set X, the
conclusion was also obtained in [2,16–18,28]. Note that the method generating a fuzzy topology by fuzzy
orders and fuzzy equivalence relations was discussed in [15], which is pointed by a referee. Thus, fuzzy
preordered structures are connected to fuzzy topological structures in the sense of Lowen.
(2) Fuzzy preorders (resp., fuzzy equivalence) on a set X are closely related to pseudo-quasi-metrics (resp.,
pseudo-metrics) on X, see, e.g. [3,4,6,13,18] and many others, thus a fuzzy preorder itself can be consid-
ered as a generalized metric. So it generates a topology . Therefore, fuzzy preorders are connected to
metric spaces and topologies.
(3) In [25], the relationship between fuzzy preorders and fuzzy topological spaces on a ﬁnite universe X has
also been investigated from the viewpoint of rough sets, also its (TC) axiom endowed with a fuzzy topol-
ogy is no longer true in the general case.
In 1980, Ho¨hle [14] introduced the concept of fuzzy measurable spaces with the idea of giving degrees in
[0,1] to some topological terms rather than 0 and 1. In 1991, by Łukasiewicz logic on [0,1], Ying [29] intro-
duced the concept of fuzzifying topology, whose deﬁnition is the same with Ho¨hle’s. This paper is devoted to a
topic in the research of fuzzy preorders and fuzzifying topologies.
The contents of the paper are arranged as follows. First, we recall some deﬁnitions and results which shall
be needed in this paper in Section 1. In Section 2, we present a systematic procedure indicating how fuzzifying
topologies are induced from fuzzy preordered relations, namely, the notions of fuzziﬁed set of all upper
(lower) crisp subsets and fuzzifying Alexandrov topology for a fuzzy preordered set, and also introduce
pseudo-discrete fuzzifying topology for a fuzzy equivalence. Categorically, a concrete functor from the cate-
gory of fuzzy preordered sets to that of fuzzifying topological spaces is established. Conversely, in Section 3,
we answer the question of how a fuzzy preorder is induced from a fuzzifying topology, and obtain a powerful
method generating preordered relations. When a fuzzifying topology is pseudo-discrete in the sense of this
paper, the induced fuzzy preorder is precisely a fuzzy equivalence. Finally, we get a concrete functor from
the category of fuzzifying topological spaces to that of fuzzy preordered sets. Moreover, this concrete functor
together with the one obtained in Section 2 form a pair of adjoint functors from the category of fuzzy preor-
dered sets to that of fuzzifying topological spaces.
It is worth while pointing out that our motivation is very diﬀerent from [2,15–18,28]. These authors inves-
tigated fuzzy topology in the sense of [5] or [22] rather than fuzzifying topology. In [19], the author constructed
an L-fuzzy topology on a set X from a crisp preorder, where L is a complete lattice and in [10], a one to one
correspondence between fuzzifying topologies and fuzzy preorders on a ﬁxed set is established for a ﬁxed t-
norm * = ^ from the viewpoint of rough sets. But the focus of this paper is the relationship between fuzzy
preorders and fuzzifying topologies on a set X for an arbitrary t-norm *.
1. Preliminaries
We refer to [20] for t-norms, to [1,12] for category theory, to [14,29] for fuzzifying topology. However, some
properties of left continuous t-norm and concrete adjoint functors are recalled in the following.
A triangular norm, a t-norm for short, on the unit interval [0, 1] is a binary operation  :
½0; 1  ½0; 1 ! ½0; 1 which is symmetric, associative, order-preserving on each place, and has 1 as the unit ele-
ment. A t-norm * is called left continuous if for each x 2 ½0; 1, the function x  ðÞ : ½0; 1 ! ½0; 1 has a right
adjoint. That is, there is a function x ! ðÞ : ½0; 1 ! ½0; 1 such that x  y 6 z if and only if y 6 x ! z. In this
case, the resulting binary function !: ½0; 1  ½0; 1 ! ½0; 1, given by ! ðx; yÞ ¼ x ! y, is called the residua-
tion or implication operation with respect to the t-norm *. The binary function$: ½0; 1  ½0; 1 ! ½0; 1, given
by $ ðx; yÞ ¼ x $ y ¼ minfx ! y; y ! xg is called the biresiduation operation on [0,1] with respect to the
t-norm *.
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characteristic functions of all ordinary (crisp) subsets of X is denoted by 2X, where 2 = {0,1}, and we do not
distinguish a crisp subset A  X and its characteristic function. A fuzzy subset R : X  X ! I of X · X is
referred to as a fuzzy relation on X. A fuzzy relation R : X  X ! I is called:
(1) reﬂexive, if Rðx; xÞ ¼ 1 for all x 2 X;
(2) symmetric, if Rðx; yÞ ¼ Rðy; xÞ for all x; y 2 X ;
(3) *-transitive, if Rðx; yÞ  Rðy; zÞ 6 Rðx; zÞ for all x; y; z 2 X and a t-norm * on I.
The following propositions can be found in [21,24].
Proposition 1.1. Suppose that * is a left continuous t-norm. Then
(I1) x ! y ¼ 1 if and only if x 6 y;
(I2) 1! x ¼ x;
(I3) ðx ! yÞ  ðy ! zÞ 6 ðx ! zÞ;
(I4) x !
V
j2J yj ¼
V
j2Jðx ! yjÞ;
(I5) ð
W
j2J xjÞ ! y ¼
V
j2J ðxj ! yÞ;
(I6) x 
W
t2T yt ¼
W
t2T x  yt;
(I7) ðx ! yÞ  ðu ! vÞ 6 x  u ! y  v;
(I8) x 6 ðx ! yÞ ! y;
(I9) x  y ¼ 0 if and only if x 6 y ! 0.All the categories considered in this paper are concrete categories. A concrete category is a construct [1].
Precisely, a concrete category is a pair ðC;FÞ, where C is a category and F : C! Set is a faithful functor
(or forgetful functor). We write simply C for ðC;FÞ if the forgetful functor is obvious.
A concrete functor between two concrete categories ðC;FÞ and ðD;G) is a functor H : C! D such that
F = G  H. It means that H only changes the structures on the underlying sets, leaving the underlying sets
and morphisms untouched.
Proposition 1.2 [1]. Suppose that H1 : C! D;H2 : D! C are concrete functors. The following statements are
equivalent:
(1) fidY : H1  H2ðY Þ ! Y jY 2 Dg is a natural transformation from H1  H2ðY Þ to the identity functor on
D; and fidX : X ! H2  H1ðX ÞjX 2 Cg is a natural transformation from the identity functor on C to
H2  H1.
(2) For any Y 2 D, idY : H1  H2ðY Þ ! Y is a D-morphism; and for each X 2 C, idX : X ! H2  H1ðX Þ is a
C-morphism.In the proposition above, ðH1;H2Þ is called a Galois correspondence [1] or a Galois connection [12].
A fuzzifying topology on a set X [29,14] is a function T : 2X ! ½0; 1 such that:
(1) TðX Þ ¼Tð;Þ ¼ 1;
(2) 8U ; V 2 2X , TðU \ V ÞPTðUÞVTðV Þ;
(3) for any family fUigi2I  2X , Tð
S
i2IU iÞP
V
i2ITðUiÞ.And ðX ;TÞ is called a fuzzifying topological
space. In addition, if T satisﬁes;
(4) 8fAjgj2J  2X , Tð
T
j2JAjÞP
V
j2JTðAjÞ,then T is called a saturated fuzzifying topology on X, and
ðX ;TÞ is called a saturated fuzzifying topological space. A map f : ðX ;TX Þ ! ðY ;TY Þ between fuzzify-
ing topological spaces is said to be continuous if for any U 2 2X ;TX ðf 1ðUÞÞPTY ðUÞ. Write FYS for
the concrete category of fuzzifying topological spaces and their continuous functions, SFYS for the full
subcategory of FYS composed by the objects of saturated fuzzifying topological spaces. Note that the
forgetful functor F of the concrete category FYS is deﬁned by FðX ;TÞ ¼ X for each fuzzifying topolog-
ical space ðX ;TÞ.
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In this section, we introduce the method obtaining fuzzifying Alexandrov topology determined by a fuzzy
relation R : X  X ! ½0; 1 on a set X. Recall that a fuzzy relation is a *-fuzzy preorder, or just a fuzzy pre-
order if it is reﬂexive and *-transitive. If R is a fuzzy preorder on X, the pair ðX ;RÞ is called a fuzzy preordered
set. Of course, the real number Rðx; yÞ is viewed as the degree to which x is less than or equal to y. A symmetric
fuzzy preorder is called a fuzzy equivalence. A fuzzy preorder R is called a fuzzy partial order if
Rðx; yÞ ¼ Rðy; xÞ ¼ 1 implies that x ¼ y for each pair ðx; yÞ 2 X  X . In this case, ðX ;RÞ will be called a fuzzy
partial ordered set.
Deﬁnition 2.1. Let ðX ;RÞ be a fuzzy preordered set. The map U : 2X ! I , induced by R, is deﬁned by
8U 2 2X ; UðUÞ ¼
^
ðx;yÞ2XX
Rðx; yÞ ! ðUðxÞ ! UðyÞÞ:We will call U the fuzziﬁed set of all upper crisp subsets of ðX ;RÞ. Dually, the map L : 2X ! I , induced by R, is
deﬁned as follows:8U 2 2X ; LðUÞ ¼
^
ðx;yÞ2XX
Rðx; yÞ ! ðUðyÞ ! UðxÞÞ;and L is called the fuzziﬁed set of all lower crisp subsets of ðX ;RÞ.
Remark 2.2
(1) Clearly, UðUÞ ¼ Vðx;yÞ2UðXUÞRðx; yÞ ! 0 for each U 2 2X since UðxÞ ! UðyÞ ¼ 0 if and only if U(x) = 1
and U(y) = 0 for each pair ðx; yÞ 2 X  X .
(2) For a crisp set U  X ;UðUÞ (L(U)) can be interpreted as the degree to which U is an upper (lower) crisp
subset of fuzzy preordered set ðX ;RÞ.
(3) If U(U) = 1, then U is an upper crisp set in the sense of Lai and Zhang [21].For a crisp preordered set X, the family of all the upper subsets of X is a topology on X, namely, Alexan-
drov topology usually denoted by C(6). We write simply C(X) for the topological space ðX ;Cð6ÞÞ. According
to this idea, we introduce its fuzzifying form now.
Theorem 2.3. Suppose that the map U : 2X ! I ¼ ½0; 1 is the fuzzified set of all upper crisp subsets of ðX ;RÞ.
Then U satisfies that for any A  2X ,
(i) UðX Þ ¼ 1;Uð;Þ ¼ 1;
(ii) UðTAÞP VA2AUðAÞ, where TA ¼ TfAjA 2Ag;
(iii) UðSAÞP VA2AUðAÞ, where SA ¼ SfAjA 2Ag.Proof. (i): Trivial. (ii) and (iii) are proved as follows: Suppose that A is a subfamily of 2X. ThenU
\
A
 
¼
^
ðx;yÞ2XX
Rðx; yÞ !
\
AðxÞ !
\
AðyÞ
 
¼
^
ðx;yÞ2XX
Rðx; yÞ !
^
A2A
\
AðxÞ ! AðyÞ
 
ðby I4Þ
¼
^
ðx;yÞ2XX
^
A2A
Rðx; yÞ !
\
AðxÞ ! AðyÞ
  
ðby I4Þ
P
^
A2A
^
ðx;yÞ2XX
Rðx; yÞ ! ðAðxÞ ! AðyÞÞð Þ ðby I5Þ
¼
^
A2A
UðAÞ:
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[
A
 
¼
^
ðx;yÞ2XX
Rðx; yÞ !
[
AðxÞ !
[
AðyÞ
 
¼
^
ðx;yÞ2XX
Rðx; yÞ !
^
A2A
AðxÞ !
[
AðyÞ
 
ðby I5Þ
¼
^
ðx;yÞ2XX
^
A2A
Rðx; yÞ ! AðxÞ !
[
AðyÞ
  
ðby I4Þ
P
^
A2A
^
ðx;yÞ2XX
ðRðx; yÞ ! ðAðxÞ ! AðyÞÞÞ
¼
^
A2A
UðAÞ: By Theorem 2.3 and the deﬁnition of fuzzifying topology [29], the fuzziﬁed set of all upper crisp subsets of a
fuzzy preordered set ðX ;RÞ is a fuzzifying topology on X, called the *-fuzzifying Alexandrov topology on X, or
just called fuzzifying Alexandrov topology on X induced by R, denoted by A(R) in the following. Note that
A(R) is a saturated fuzzifying topology. We write simply A(X) for the fuzzifying topological space ðX ;AðRÞÞ.
For a crisp topological space C(X) determined by a crisp preordered set X, if C(X) is a T0-topological space,
then X is a poset. Now let us research its counterpart in the fuzzifying setting.
Deﬁnition 2.4 [27]. Let ðX ;TÞ be a fuzzifying topological space. Then the degree to which ðX ;TÞ is T0 is
deﬁned byT 0ðX ;TÞ ¼
^
x6¼y
_
ðx;yÞ2AðXAÞ
TðAÞ _
_
ðy;xÞ2BðXBÞ
TðBÞ
 !
:Theorem 2.5. Let A(R) be the fuzzifying Alexandrov topology induced by a fuzzy preorder R on X. If
T 0ðAðX ÞÞ > 0, then R is a fuzzy partial order.
Proof. Suppose that T 0ðAðX ÞÞ > 0. It follows from the deﬁnition of T 0ðAðX ÞÞ that
_
ðx;yÞ2UðXUÞ
AðRÞðUÞ
 !
_
_
ðy;xÞ2VðXV Þ
AðRÞðV Þ
 !
> rfor each x; y 2 X with x5 y, where 0 < r < T 0ðAðX ÞÞ. Hence, there exists a U 2 2X with AðRÞðUÞ > r; x 2 U
and y 62 U or a V 2 2X with AðRÞðV Þ > r; y 2 V and x 62 V. In case AðRÞðUÞ > r; x 2 U and y 62 U, we have
Rðx; yÞ ! 0 > r, i.e., r  Rðx; yÞ ¼ 0 by (I9). Therefore, Rðx; yÞ 6¼ 1. If AðRÞðV Þ > r; x 2 V and y 62 V, then
we similarly get Rðy; xÞ 6¼ 1. Thus, by the deﬁnition of a fuzzy partial order, R is a fuzzy partial order, as
desired. h
Given a preordered set X, if the preorder on X is an equivalence, it is known that C(X) is a pseudo-discrete
topological space, i.e., each open set in C(X) is also a closed set. As its generalization, we propose that a fuzz-
ifying topological space ðX ;TÞ is called *-pseudo-discrete (or simply, pseudo-discrete if the t-norm is clear
from the content), if TðX  UÞ ¼TðUÞ for all U 2 2X . The underlying idea is that the degrees, to which a
set U and its complement X  U are open, should be the same. Thus, this deﬁnition of pseudo-discrete topo-
logical space agrees well with that in the classical setting.
Proposition 2.6. If R is a fuzzy equivalence on a set X, then A(X) is a *-pseudo-discrete.
Proof. To prove AðX Þ ¼ ðX ;AðRÞÞ is *-pseudo-discrete, we need to show AðRÞðX  UÞ ¼ AðRÞðUÞ for each
U 2 2X . Before doing it, let us point out thatUðxÞ ! UðyÞ ¼ ðX  UÞðyÞ ! ðX  UÞðxÞ
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Hence the equality is true in this case. Otherwise, if y 62 U, then it follows from x 2 U and x 62 U thatðX  UÞðyÞ ! ðX  UÞðxÞ ¼ 1! 0 ¼ 0 ¼ 1! 0 ¼ UðxÞ ! UðyÞandðX  UÞðyÞ ! ðX  UÞðxÞ ¼ 1! 1 ¼ 1 ¼ 0! 0 ¼ UðxÞ ! UðyÞ;respectively. Thus, it follows that for each U 2 2X ,AðRÞðUÞ ¼
^
ðx;yÞ2XX
Rðx; yÞ ! ðUðxÞ ! UðyÞÞ
¼
^
ðx;yÞ2XX
Rðx; yÞ ! ððX  UÞðyÞ ! ðX  UÞðxÞÞ
¼
^
ðy;xÞ2XX
Rðy; xÞ ! ððX  UÞðyÞ ! ðX  UÞðxÞÞ ðby the symmetry of RÞ
¼ AðRÞðX  UÞ: 
There is a trivial fact that a crisp subset U in a classical preordered set ðX ;RÞ is an upper set if and only if its
complement ðX  UÞ in X is a lower set. In the fuzzifying setting, this is also true in general. In details, we have
Proposition 2.7. Let ðX ;RÞ be a fuzzy preordered set. Then LðUÞ ¼ UðX  UÞ for each U 2 2X .
Proof. By Deﬁnition 2.1. h
Deﬁnition 2.8 [21]. A function f : ðX ;RX Þ ! ðY ;RY Þ between fuzzy preordered sets is called monotone1 if
RX ðx; yÞ 6 RY ðf ðxÞ; f ðyÞÞ for all x; y 2 X . The category of all the fuzzy preordered sets and monotone functions
is denoted by FPrOrd. Write FEQ for the full subcategory of FPrOrd, composed by the objects of the form
ðX ;RÞ where R is a fuzzy equivalence.
Proposition 2.9. Supposed that f : ðX ;RX Þ ! ðY ;RY Þ is a monotone function between two fuzzy preordered sets.
Then f : ðX ;AðRX ÞÞ ! ðX ;AðRY ÞÞ is continuous.
Proof. Take any U 2 2Y ,AðRX Þðf 1ðUÞÞ¼
^
ðx;yÞ2XX
RX ðx;yÞ! ðf 1ðUÞðxÞ! f 1ðUÞðyÞÞP
^
ðx;yÞ2XX
RY ðf ðxÞ;f ðyÞÞ! ðUðf ðxÞÞ!Uðf ðyÞÞÞ
P
^
ðs;tÞ2YY
RY ðs; tÞ! ðUðsÞ!UðtÞÞ¼AðRY ÞðUÞ:Therefore, f is continuous. h
By the proposition above, we obtain a concrete functor A : FPrOrd! FYS from the category of fuzzy pre-
ordered sets to that of fuzzifying topological spaces.this case, as pointed out by a referee, f is also known as extensional or lipschitzian.
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Recall that for a classical topological space ðX ; T Þ, a binary relation 6 on X can be deﬁned as follows: x 6 y
if x 2 U implies y 2 U for each U 2 T. Then 6 is a preorder on X, called the specialization order of ðX ; T Þ.
Now starting from a fuzzifying topological space ðX ;TÞ, we will introduce the specialization order on X
induced by T in this section.
In [28], the author provided a method generating fuzzy preorder and fuzzy equivalence by a crisp family of
fuzzy subsets in X, which is called the Valverde order on X by Lai and Zhang [21]. That is, for a crisp familyF
of fuzzy subsets in X, XðFÞ : X  X ! ½0; 1, deﬁned by8ðx; yÞ 2 X  X ;XðFÞðx; yÞ ¼
^
U2F
UðxÞ ! UðyÞis a fuzzy preorder on X, and XðFÞ : X  X ! ½0; 1, deﬁned by
8ðx; yÞ 2 X  X ;XðFÞðx; yÞ ¼
^
U2F
UðxÞ $ UðyÞis a fuzzy equivalence on X, where M is the biresiduation operator on [0,1]. Following this idea, let us intro-
duce a powerful method to generate fuzzy preorders and fuzzy equivalences in the fuzzifying setting.
Proposition 3.1. Let u : 2X ! ½0; 1 be any map and Ru : X  X ! ½0; 1 be defined as follows:
Ruðx; yÞ ¼
^
U22X
uðUÞ ! ðUðxÞ ! UðyÞÞ:Then Ru is a fuzzy preorder relation. Moreover, Ru : X  X ! ½0; 1 defined by
Ruðx; yÞ ¼
^
U22X
uðUÞ ! ðUðxÞ $ UðyÞÞis a fuzzy equivalence.
Proof. (1) Reﬂexivity: Trivial.
(2) Transitivity: First, let us show the result: 8x; y; z 2 X ;U 2 2X , we have
uðUÞ ! ðUðxÞ ! UðzÞÞP ½uðUÞ ! ðUðxÞ ! UðyÞÞ  ½uðUÞ ! ðUðyÞ ! UðzÞÞ:In fact, if U(y) = 1, then it follows from uðUÞ ! ðUðxÞ ! UðyÞÞ ¼ 1 that
uðUÞ! ðUðxÞ!UðzÞÞPuðUÞ! ðUðyÞ!UðzÞÞP ½uðUÞ! ðUðxÞ!UðyÞÞ  ½uðUÞ! ðUðyÞ!UðzÞÞby Proposition 1.1 (I5) and U(x) 6 U(y) = 1. On the other hand if U(y)5 1, i.e., U(y) = 0, then
uðUÞ ! ðUðyÞ ! UðzÞÞ ¼ 1, and henceuðUÞ! ðUðxÞ!UðzÞÞPuðUÞ! ðUðxÞ!UðyÞÞP ½uðUÞ! ðUðxÞ!UðyÞÞ  ½uðUÞ! ðUðyÞ!UðzÞÞby Proposition 1.1 (I5) and UðzÞP UðyÞ ¼ 0. Now by the result pointed out above, the transitivity can be
proved by the following formulas:Ruðx; zÞ ¼
^
U22X
uðUÞ ! ðUðxÞ ! UðzÞÞP
^
U22X
½uðUÞ ! ðUðxÞ ! UðyÞÞ  ½uðUÞ ! ðUðyÞ ! UðzÞÞ
P
^
U22X
^
V 22X
½uðUÞ ! ðUðxÞ ! UðyÞÞ  ½uðV Þ ! ðV ðyÞ ! V ðzÞÞP
^
U22X
uðUÞ ! ðUðxÞ
! UðyÞÞ 
^
V 22X
uðV Þ ! ðV ðyÞ ! V ðzÞÞ ¼ Ruðx; yÞ  Ruðy; zÞ:The second part of the conclusion is similar to the ﬁrst part. h
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^
U22X
TðUÞ ! ðUðxÞ ! UðyÞÞis a fuzzy preorder by Proposition 3.1. We will call RT the specialization order of ðX ;TÞ.
Lemma 3.2. If ðX ;RÞ is a fuzzy preordered set, then RAðRÞ P R, where A(R) is fuzzifying Alexandrov topology on
X induced by R.
Proof. For any ðx; yÞ 2 X  X ,
RAðRÞðx; yÞ ¼
^
U22X
AðRÞðUÞ ! ðUðxÞ ! UðyÞÞ
¼
^
U22X
^
ðs;tÞ2XX
Rðs; tÞ ! UðsÞ ! UðtÞð Þ
 !
! ðUðxÞ ! UðyÞÞ
P
^
U22X
ðRðx; yÞ ! UðxÞ ! UðyÞð ÞÞ ! ðUðxÞ ! UðyÞÞ
P Rðx; yÞ ðby Proposition 1:1 ðI8ÞÞ: 
In the Appendix, Example 1 shows that the equality RAðRÞ ¼ R is not true in general.
A fuzzifying topologyT on X is said to be generated by u: 2X ! ½0; 1 ifT is the coarsest fuzzifying topol-
ogy on X containing u, i.e., u 6T, and a fuzzifying topology S on X with the property of u 6 S implies
T 6S. In this case, u is said to be a subbase [29] of T.
Theorem 3.3. Let ðX ;TÞ be a fuzzifying topological space. Then RT : X  X ! ½0; 1 defined by8ðx; yÞ 2 X  X ; RTðx; yÞ ¼
^
U22X
TðUÞ ! ðUðxÞ ! UðyÞÞis a fuzzy preordering relation on X. Moreover, if u : 2X ! ½0; 1 is a subbase of T, then RT ¼ Ru.
Proof. The ﬁrst part of Theorem 3.3 follows from Proposition 3.1. To show the second part of Theorem 3.3,
we point out that for any two maps: u1;u2 : 2
X ! ½0; 1, u1 6 u2 in pointwise sense implies Ru1 P Ru2 in gen-
eral. Thus it follows Ru P RT from TP u. Moreover, 8U 2 2X ,AðRuÞðUÞ¼
^
ðx;yÞ2XX
Ruðx;yÞ! ðUðxÞ!UðyÞÞ¼
^
ðx;yÞ2XX
^
V 22X
uðV Þ! ðV ðxÞ! V ðyÞÞ
 !
!ðUðxÞ!UðyÞÞ
P
^
ðx;yÞ2XX
ðuðUÞ! ðUðxÞ!UðyÞÞÞ! ðUðxÞ!UðyÞÞPuðUÞi.e., AðRuÞP u. Therefore, AðRuÞPT sinceT is the coarsest fuzzifying topology containing u. It turns out
to be RT P RAðRuÞ. By Lemma 3.2, we obtain 8ðx; yÞ 2 X  X ,Ruðx; yÞP RTðx; yÞP RAðRuÞðx; yÞP Ruðx; yÞ;
i.e., RT ¼ Ru, as desired. h
By Proposition 3.1, we have obtained a general method inducing a fuzzy preorder on a set X by a map
u : 2X ! ½0; 1. Theorem 3.3 tells us the fuzzy preorder on X determined by u is just the specialization order
of the fuzzifying topological space ðX ;TÞ, where u is a subbase ofT. Hence the fuzzy preorder determined by
a map u : 2X ! I is nothing but the specialization order of fuzzifying topological spaces.
Fuzzy orders and fuzzy equivalence have a wide application area (see, e.g. [3,4,6–9,13,18]). There is a nat-
ural problem which is described as under what condition the fuzzy preorder determined by a fuzzifying topol-
ogy is fuzzy equivalence. Let us deal with it in following conclusion.
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Proof. By Proposition 3.1, we know that RT is a fuzzy preorder on X. To prove the conclusion, it suﬃces to
show RTðx; yÞ ¼ RTðy; xÞ for each pair ðx; yÞ 2 X  X , that is, RT is symmetric. Recall that for each U 2 2X ,
we haveUðxÞ ! UðyÞ ¼ ðX  UÞðyÞ ! ðX  UÞðxÞ
from the ﬁrst part of the proof of Proposition 2.6. Note that we also haveTðX  UÞ ¼TðUÞ for each U 2 2X
since ðX ;TÞ is pseudo-discrete. Therefore,RTðx; yÞ ¼
^
U22X
TðUÞ ! ðUðxÞ ! UðyÞÞ ¼
^
U22X
TðX  UÞ ! ððX  UÞðyÞ ! ðX  UÞðxÞÞ ¼ RTðy; xÞ:for each pair ðx; yÞ 2 X  X . h
Lemma 3.5. If ðX ;TÞ is a fuzzifying topological space, then AðRTÞPT.
Proof. By the deﬁnition of RT, we getAðRTÞðUÞ¼
^
ðx;yÞ2XX
RTðx;yÞ! ðUðxÞ!UðyÞÞ¼
^
ðx;yÞ2XX
^
V 22X
ðTðV Þ! ðV ðxÞ! V ðyÞÞÞ! ðUðxÞ!UðyÞÞ
P
^
ðx;yÞ2XX
ðTðUÞ! ðUðxÞ!UðyÞÞÞ! ðUðxÞ!UðyÞÞPTðUÞfor each U 2 2X . Thus it follows that AðRTÞPT. h
Note that the equality AðRTÞ ¼T is not true in general. We oﬀer Example 2 in Appendix to support the
viewpoint.
Proposition 3.6. If f : ðX ;TX Þ ! ðY ;TY Þ is continuous between two fuzzifying topological spaces, then
f : ðX ;RTX Þ ! ðY ;RTY Þ is monotone.
Proof. 8ðx; yÞ 2 X  X ,RTY ðf ðxÞ;f ðyÞÞ¼
^
U22Y
TY ðUÞ! ðUðf ðxÞÞ!Uðf ðyÞÞÞP
^
U22Y
TX ðf 1ðUÞÞ! ðf 1ðUÞðxÞ! f 1ðUÞðyÞÞ
P
^
V 22X
TX ðV Þ! ðV ðxÞ! V ðyÞÞ¼RTX ðx;yÞ:Hence f is monotone. h
According to Proposition 3.6, we get a concrete functor R from the category of fuzzifying topological
spaces to that of fuzzy preordered sets, precisely, for each fuzzifying topological space
ðX ;TÞ;RðX ;TÞ ¼ ðX ;RTÞ and for any continuous map f : ðX ;TX Þ ! ðY ;TY Þ between fuzzifying topologi-
cal spaces, Fðf Þ ¼ f : ðX ;RTX Þ ! ðY ;RTY Þ. By Lemma 3.5 for any fuzzifying topological space
ðX ;TÞ; idX : ðX ;A  RðTÞÞ ! ðX ;TÞ is continuous, and by Lemma 3.2, for any fuzzy preorder set ðX ;RÞ,
idX : ðX ;RÞ ! ðX ;R  AðRÞÞis monotone. Therefore we have
Theorem 3.7. (A,R) is a Galois connection between FPrOrd and FYS.
Write PsFYS for the full subcategory of FYS composed of *-pseudo-discrete fuzzifying topological spaces.
And denote EA and PR for A and R restricted to FEQ and PsFYS, respectively. By Propositions 2.6, 3.4 and
Lemmas 3.2, 3.5, we have
Corollary 3.8. (EA,PR) is a Galois connection between FEQ and PsFYS.
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In this work, we investigate fuzzy ordered relations in the frameworks of fuzzifying topology in the sense
of [14,29]. Because fuzzy ordered relations and fuzzifying topologies allow intermediate degrees of member-
ship, we believe the methods oﬀered in this paper, which can induce fuzzy ordered relation by fuzzifying
topology and vice versa, are rational, and useful in fuzzy preference modeling. Moreover, because the repre-
sentations of fuzzy ordered relations and fuzzifying topologies are based on general triangular norms and
their implications, the present work may be quite likely to serve the purpose of potential applications within
the framework of fuzzy set theory, such as fuzzy preference models, fuzzy decision making and linguistic
approximations. In addition, the concept of topological structures and their generalizations are the most
powerful notions in systems analysis, such as in structural analysis [23], in chemistry [26], and in physics
[11]. We hope the present work can put a starting point for the applications of abstract fuzzifying topology
into relevant areas.Acknowledgements
The authors are grateful to the referees for their valuable comments and suggestions on this paper.
Appendix. Counter examples
Example 1. Let X ¼ fx; yg and a relation R : X  X ! ½0; 1 be as follows:Rðx; xÞ ¼ Rðy; yÞ ¼ 1; Rðx; yÞ ¼ 1
2
and Rðy; xÞ ¼ 1
3
:Obviously, R is fuzzy preorder. The fuzzifying Alexandrov topology A(R) of ðX ;RÞ is determined by the fol-
lowing formulas:AðRÞðfxgÞ¼
^
ðs;tÞ2XX
Rðs; tÞ! ðfxgðsÞ!fxgðtÞÞ¼ ðRðx;yÞ! ðfxgðxÞ!fxgðyÞÞÞ^ ðRðy;xÞ! ðfxgðyÞ!fxgðxÞÞÞ
¼ 1
2
!ð1! 0Þ
 
^ 1
3
!ð0! 1Þ
 
¼ 1
2
! 0
 
^ 1
3
! 1
 
¼ 1
2
! 0;
AðRÞðfygÞ¼
^
ðs;tÞ2XX
Rðs; tÞ! ðfygðsÞ!fygðtÞÞ¼ ðRðx;yÞ! ðfygðxÞ!fygðyÞÞÞ^ðRðy;xÞ! ðfygðyÞ!fygðxÞÞÞ
¼ 1
2
!ð0! 1Þ
 
^ 1
3
!ð1! 0Þ
 
¼ 1
2
! 1
 
^ 1
3
! 0
 
¼ 1
3
! 0;andAðRÞð;Þ ¼ AðRÞðX Þ ¼ 1:
Therefore, by the deﬁnition of A(R), we haveRAðRÞðx; yÞ ¼
^
V 22X
AðRÞðV Þ ! ðV ðxÞ ! V ðyÞÞ ¼
^
ðx;yÞ2VðXV Þ
AðRÞðV Þ ! 0 ¼ AðRÞðfxgÞ ! 0
¼ 1
2
! 0
 
! 0:For a t-norm *, we have ð12 ! 0Þ ! 0 6¼ 12 in general. For example, let * = ^, we have the ^-implication !^
with ð1
2
!^ 0Þ!^0 ¼ 0!^ 0 ¼ 1 6¼ 12. ThusRAðRÞðx; yÞ ¼ 1
2
! 0
 
! 0 6¼ 1
2
¼ Rðx; yÞ:It follows that R 6¼ RAðRÞ.
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2
;TðfbgÞ ¼ 1
3
and Tð;Þ ¼TðX Þ ¼ 1:In fact, T is a saturated fuzzifying topology on X since X is ﬁnite set. At ﬁrst we haveAðRTÞðfagÞ ¼
^
ðs;tÞ2XX
RTðs; tÞ ! ðfagðsÞ ! fagðtÞÞ
¼ ðRTða; bÞ ! ðfagðaÞ ! fagðbÞÞÞ ^ ðRTðb; aÞ ! ðfagðbÞ ! fagðaÞÞÞ
¼ RTða; bÞ ! ðfagðaÞ ! fagðbÞÞ ¼ RTða; bÞ ! ð1! 0Þ
¼
^
U22X
TðUÞ ! ðUðaÞ ! UðbÞÞ
 !
! 0 ðby the definition of RTÞ
¼ ðTðfagÞ ! ðfagðaÞ ! fagðbÞÞÞ ! 0 ¼ 1
2
! 0
 
! 0:In general, we haveAðRTÞðfagÞ ¼ 1
2
! 0
 
! 0 6¼ 1
2
¼TðfagÞ;that is, AðRTÞ 6¼T even if T is a saturated fuzzifying topology.
Remark 3. From Examples 1 and 2, we know that the equalities AðRTÞ ¼T and RAðRÞ ¼ R are not true in
general. Notice that, in [10], authors have found the condition under which these equalities hold.References
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